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Stability of the cohomology rings of Hilbert 
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Abstract 

We establish some remarkable properties of the cohomology rings of the 
Hilbert scheme X™ of n points on a projective surface X, from which one 
sees to what extent these cohomology rings are (in)dependent of X and n. 
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1 Introduction 



Lehn [|Leh|1 and more recently the authors [ |LQW1|| have developed (vertex) alge- 
braic calculus to study the cup products in the Hilbert schemes X'"' of n points on 
a projective surface X. This approach was built on the earlier beautiful formula 
of Gottsche | Got | on the Betti numbers of X^ and an important construction of 
Heisenberg algebra of Nakajima ||Nal| , [Na2|| and Grojnowski |Gro|| . In |LQW1|| , 
we obtained a set of ring generators for the rational cohomology ring H*(X^), 
which has not been accessible in general by classical algebro-geometric methods 
Maifl ) . Using this set of generators, an algorithm, first pointed out 



(see however 



by Lehn [ Leh | in a restricted case, can be given to compute the cup product of any 
two cohomology classes in H*(X^) for an arbitrary projective surface X. This 
algebraic approach has been surprisingly effective in establishing new purely ge- 
ometric results, as indicated in the further developments of Lehn-Sorger and the 
authors ||LS1| , |LQW2| , [LS2| on the cohomology rings H*(X^). We refer to ||Wa| 
for a detailed overview and further references on closely related topics. 

In this paper, we establish some remarkable properties of the cohomology rings 
of the Hilbert scheme X™ of n-points on a projective surface X, from which one 
sees to what extent these cohomology rings are (in)dependent of X and n. As a 
consequence, we are able to introduce a ring S)x which encodes all the cohomology 
ring structures of H*(X^) for all n, and further determine its structure. To achieve 
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these, we will extensively use and sharpen the techniques developed in the earlier 
works of Lehn and of the authors. Needless to say, the Heisenberg operators of 
Nakajima and Grojnowski are part of our basic vocabulary used in this paper. 

We first obtain a quantitative description of the cup product of the ring genera- 
tors given in ||LQW1|| , which indicate to what extent the cup product of cohomology 
classes of X^ is (in) dependent of the canonical class Kx and Euler class ex of 
X (see Theorem [4.1|) . As a corollary (which has been implicit in the earlier work 
|[Leh| , |LCjWl| ), we see clearly that if there exists a ring isomorphism from H*(X) 
to H*{Y) for two projective surfaces X and Y which sends the canonical class 
Kx to Ky, then the cohomology rings of the Hilbert schemes X^ and Y^ are 
isomorphic for any n. In addition, we obtain the general structure of intersection 
numbers on X*- n > in terms of intersection numbers on X. This general structure 
bears some similarities with the general structure of the Donaldson invariants from 
Donaldson theory (compare with [|EGL|| ) . 



Using Theorem |4.1| , we work out the cup products of two cohomology classes 
which are monomials of Heisenberg generators, and observe that the cup products 
are independent of n in an appropriate sense (see Theorem |5.1| ). Roughly speaking, 



Theorem 5A says that the cup product of certain cohomology classes in H*(X 
with n being large can be read off from the cup product of cohomology classes in 
H*(X^) with m being small. In other words, the cup product on X^ partially 
determines the cup product on J^ when n > m. This stability result enables 
us to construct a super-commutative associative ring Sjx, called the Hilbert ring 
associated to X, which captures all the information about the cohomology ring of 
the Hilbert scheme X^ for each n. We further prove that fix is isomorphic to a 
super-symmetric algebra with a simple set of generators which essentially comes 
from the set of ring generators for the cohomology rings H*(X^) found in |LQW2 . 



In a sequel, we shall develop a counterpart of our results in terms of the orbifold 



cohomology rings ||CR|| of the symmetric products, and clarify the connections with 
our present work. In another direction, it is natural to expect that results similar 
to those in the present paper hold as well for the quantum cohomology rings of the 
Hilbert schemes of points on projective surfaces. 

The layout of the paper is as follows. In Sect. |2|, we collect some known results 
and definitions. In Sect. |3], we establish a series of technical lemmas related to 
Heisenberg generators and pushforwards. In Sect. £|, we work out the cup product 
of certain Chern characters in the cohomology ring of the Hilbert scheme, and 
derive some consequences. In Sect. ||, we establish the stability of the cohomology 
ring of X' n l In Sect. |6|, we introduce the Hilbert ring and determine its structure. 

Conventions: All cohomology groups are in Q-coefficients. For a continuous map 
p : Y\ — > Y 2 between two smooth compact manifolds and for ol\ G H*(Yi), we 
define p*(c*i) to be PD _1 p*(PD(a:i)) where PD stands for the Poincare duality. 

Acknowledgments: The authors thank the referee for valuable comments, and 
Jun Li and Gang Tian for stimulating discussions. After communicating the paper 
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to Lehn and Sorger, we were informed that they have also independently antici- 
pated some of the results in the paper. 

2 Generalities 

Let X be a smooth projective surface over C, and X<^ be the Hilbert scheme of 
n-points in X. An element in the Hilbert scheme X™ is represented by a length-n 
O-dimensional closed subscheme of X. It is well-known that X^ is smooth. Let 
Z n = {(£, a;) C X^ x X | x G Supp(£)}, and X n be the n-th Cartesian product. 

Definition 2.1 (i) Let H = ® n ,i>6^ n,t denote the double graded vector space 
with H^ d = iP(XH), and H n d = H*(X^) = ©£ F(jW). The element 1 
in H°(X^) = Q is called the vacuum vector and denoted by |0); 

(ii) f G End(H) is homogeneous of bidegree (£, m) if f(H n,i ) C n n+£ - i+m ; 

(hi) For f and g G End(H) of bidegrees (£,m) and (£\,m\) respectively, define the 
Lie superalgebra bracket [f, q] by putting [f, q] = fg — (— l) mmi gf. 

A non-degenerate super-symmetric bilinear form (, ) on H is induced from the 
standard one on M n = F(jH) defined by (a,p) = f a(3 for a,/3 E H*(X^). 

JxM 
For f G End(H) of bidegree (£,m), we can define its adjoint f G End(H) by 

(f(a),/3) = (-l) m -H ■ (a,ft(/3)) where \a\ = s if a G # fl (A>'). Note that the 

bidegree of ft is (—£,m — 4£). Also, for g G End(H) of bidegree (l^mi), we have 

(1) (ffl) f = (-l) mmi • fl¥ and [f, ]t = _[ft, fl t ] . 

We recall that the Heisenberg operators a n (a) G End(H) with n G Z and a G 
H*(X) were defined in | |Nal| , |Gro| , |N a2| | . These operators satisfy the property 



On (a) = (—1)"" • a_„(a)t. In the next two sets of definitions, we collect various 
operators from |Leh| , |L(ojWl| , |LCjW2| | . We have adopted here the usual convention 



in the theory of vertex algebras on the signs of indices. For example, our indices 
for the Heisenberg and Virasoro generators coincide with those used in the paper 
LS2|| , but differ exactly by a sign from the notations adopted in |Leh| , |LQW1|| . 



Definition 2.2 (i) The normally ordered product : a mi a m2 : is defined by 

mi < T712 

rrii > rri2. 

For n G Z, define £ n : H*(X) — > End(H) by £ n = -\ ■ E '■ a m a n _ m : r 2 *. 

Here for k > 1, Tfe* ■ H*(X) — > H*(X k ) is the map induced by the diagonal 
embedding r k : X -> X k , and a mi • • • a mfc (r fc *(a)) = Ej ami(aj,i) • • • a mk ( a j,k) 
when Tfc*a = Ej a j,i <8> • • ■ <8> a^ via the Kiinneth decomposition of H*(X k ); 
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(ii) Define the linear operator o G End(H) by 5 = (B n Ci(Pi*Oz n ), where p\ is the 
projection of X^ x X to X^ n \ and the first Chern class ci(puOz n ) oip\ if Oz n 
acts on H n = H*(X^) by the cup product. 

(iii) For a linear operator f G End(H), define its derivative f by f = [z>, f]. The 
higher derivative f( fc ) of f is defined inductively by ^ = [d, f( fe-1 )]. 



Definition 2.3 (i) Fix i,n > and a G H*(X). Let Gj(a,n) denote the 
F |a|+2i (X M )-component of p u (ch.(0 Zn ) ■ pltd(X) ■ p* 2 a) G M n , where p x and 
P2 are the two projections of X^ x X. Let Bi(a,n) = when i > n, and 
Bi(a,n) = l/(n — i — 1)! • a_i(±x) n- * _1 tt-(i+i)(a!)|0) when i < n. 

(ii) For z > and a G H*(X), the Chern character operator <3j(a) G End(H) 
is defined to be the operator which acts on the component H n by the cup 
product by Gi(a,n). The operator <Bj(a) G End(H) is defined to be the 
operator which acts on the component H n by the cup product by Bi(a,n). 



Theorem 2.1 Let Kx be the canonical divisor of the smooth projective surface X . 
Let k>0,n,m G Z and a, (3 G H*(X) . Then, 

(i) [a n (a) , a m ((3)] = — n ■ 5 n+m ■ / (a(3) ■ Id H where Id H stands for the identity 
map ofW, and 5 n+rn is 1 when n + m = and w/ien n + m 7^ 0; 

(ii) [£ n (a), a m (/3)] = -m ■ a n+m {a(3); 

(iii) o^(a) = n ■ £ n (a) - n(|n| - l)/2 • a n (i^x«); 

(iv) [e k (a), a. 1 ((3)} = l/k\-a W 1 (a(3); 

fc+i 

(v) [. .. [«fe(a),a fvi (ai)],...],a flfc+1 (ajfc + i)] = - J| n t ' fln 1 +...+n w ( aa i'" a w) 

£=1 

/or all rii, ■ ■ ■ , Wfc+i G Z wn'£/i X^=i ™£ 7^ and a// ai, . . . , a^+i G H*(X). 



Theorem |2.1| (i) was proved in |[Na2|| . The next two formulas in Theorem |2TT 



were obtained in ||Leh|| . Theorem |2.1| (iv) and (v) were from |LCjWl| . Also, as 



observed in [ |Nal| , |Gro|| , H is an irreducible representation of the Heisenberg algebra 



generated by the Oj(a)'s with the vacuum vector |0) G H°(X^) being the highest 
weight vector. Our next Theorem was proved in ||LQW1| , |LQW2| . 

Theorem 2.2 For n > 1, the cohomology ring H n = H*(X^) is generated by the 
cohomology classes Gi(a,n) (respectively, the cohomology classes Bi(a,n)) where 
< i < n and a runs over a fixed linear basis of H*(X). 
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3 Pushforwards and multi-commutators 

In this section, we establish several technical lemmas concerning the pushforward 
maps Tfc* and multiple commutators. These lemmas will be used throughout the 
paper. We shall also introduce the concept of a universal linear combination. 

Our first lemma about the pushforward maps r^* is elementary but plays an 
essential role in the entire paper. We remark that in this lemma and hereafter, 

TkJa) is understood to be / a when k = and a G H*(X). 

Jx 

Lemma 3.1 Let k, u > 1 and a, f3 G H* (X) . Assume that r^* (a) — J2i Q^i <8> • • • <8> 
aii t k under the Kunneth decomposition of H*(X h ). Then for < j < k, we have 

Tk*(aP) = X)(-l)^'" E *= i+1 |QM ' • («&,«) ® K^) ® K=i+iai,t) 

i 

Proof. The basic idea is to use the projection formula. We have 

= ( 1] o»,i ® • • • ® «i,fc ) • p*j(P) = T k *(a) ■ p*{(3) 

= r^ (a- (pj or fc ) *(/?)) = r k *{a(3) 

where pj is the projection of X k to the jth factor. This proves the first formula. 
The proofs of the second formula and the third formula are similar. □ 

Lemma 3.2 Let k, s > 1, ni, . . . ,rik,mi, . . . ,m s G Z, and a, (5 G H*(X). Then, 
(i) [a ni • • • a„ fc (r fe *a), a mi • ■ ■ a ms (r s */3)] zs egna/ to 

k s /j-l _ s \ 

~ n n ™*<Wm 3 •• n a ™^ n an u n % ( T (fc+ s -2)*(a^); 

t=lj=l \£=1 l<u<k,u^t l=j+l j 

(ii) the derivative (a m • • • a^r^a))' zs egna/ to 
fc n 3 

~~ / j <-. ' / / <*m ' ' ' flnj_i • "mi &m,2 ■ &nj+i ' ' ' ^nj. \T (k+1)*^ ) 

j=l mi+m2=rij 
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Proof. Follows from Theorem |2J] (i) and (iii), and Lemma [3.1| . □ 



Definition 3.1 Let X be a projective surface, s > 1, and «i, . . . , a s G H*(X). 
Let ki, . . . ,k s > 0, and n^j G Z with 1 < i < s and 1 < j < ki. Then, a um- 
versal linear combination oi a nil ■ ■ ■ a Ui k _ (^♦(a;,-)), 1 < i < s is a linear combina- 

s 

tion of the form J^ /,-(^, n ijX , ..., n iM )a nil ■ ■ ■ a niki (r k ^(ai)) where the coefficients 

fi(ki, n^i, . . . , nj^J are independent of X, a x , . . . , a s . A universal linear combina- 
tion of a ni 1 ■ ■ • a n - k _ (Tki*(oii))\0) , 1 < i < s is defined in a similar way. 



Lemma 3.3 Let k, s > 0, n,m 1 , ...,m s £Z, and a, fix, . . . , j3 g G H*(X). Then, 



i 



i) a^(a) z's a universal linear combination of a ni • • • a nk _ r+1 (T(k-r+i)*{K r x a)) 
where < r < 2 and m + . . . + Uk- r +i = n; 

(ii) [■ ■ • [a^(a), a mi (/3i)], • • ■], o ms (/3 s )] z's a universal linear combination of 

flni • • •an fc _ a _ r+1 (r( fe _ s _ r . + i)*(iQ-a/3i • • -/3 S )) 

where < r < 2 and ni + . . . + ^fc-s-r+i = ^ + mi + . . . + m s . 

Proof. Since K x = 0, (i) follows from repeatedly applying Lemma ^]2| (ii). Now 
(ii) follows from (i) and repeatedly applying Lemma |3T2| (i). □ 



Lemma 3.4 Let ex denote the Euler class of X . Fix k > 2, n\, . . . , n& G Z ; and 
a G H*(X). Let j satisfy 1 < j < k. Then, a ni ■ ■ ■ a nk (T k *a) is equal to 



II a n 3 ■ a nj+1 a nj ■ n OnA {T k *a)-nj8 nj+n . +1 Y[ in s (i"(^ 2 )*(ei«))- 

K l<s<j j+l<s<k J i<s<k 

Proof. Note that Y,tPt,iPt,2 = ex (3 if t 2 *((3) = J2t A,i ® A,2- Now our result 
follows from Theorem |2.1| (i) and the second and third formulas in Lemma |3.1| . □ 



Lemma 3.5 Let n > 1, a G H*(X), and f G End(H) wift f' = 0. Then, 

[f, o- (n+ i)(a)] = -- ■ {[[f, a-i{lx)]', a-n(a)] + [«_i(lx), [f, a_ n (a)]]}. 
Proof. Appeared implicitly in |Leh|| , and follows from Theorem [2.1| (ii), (iii). □ 
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4 Products of Chern characters 

In this section, we prove that the products of Chern characters Gk{<y,n) can be 
written as some universal finite linear combination of monomials of Heisenberg 
generators (see Theorem |4.1| below). As an application, we obtain the general 
structure of intersection numbers on the Hilbert scheme X™. We remark that 



Theorem |4.1| will also be used substantially in later sections. 



The following lemma is a variation of the Lemma 5.26 in ||LQW1|| . 
Lemma 4.1 Fix k > and b > 1. Let g G End(H) be of bidegree (s, s) satisfying 

( 2 ) [[■ ■ ■ [e, s(«i)]. • ■ •]> <Wi(a*+i)] = ° 

for anyn 1 ,...,n k+ i < and a x , . . . , a k+1 G H*(X). Let A = a mi (/?i) • • • a mfc (/3 6 )|0) 
where mi, . . . , m& < and /3%, . . . , flb £ H*(X). Then, g(A) is equal to 



k » E Ifcl+E E \P°iU)UM 

i=Q o-i 

■ II a rnAPi)[[---[3,arn aim (Pa 1 (l))},---},arn aiil) (Pa i (i))}\0) 

lee? 

where for each fixed i, Oi runs over all the maps { 1, . . . , i } — > { 1, . . . , b } satisfying 
Oi(l) < • • • < <Ti{i), anda° = {£\l<£<b,£^ ^(1), . . . , ^(z)}. □ 



Lemma 4.2 Let s > 1, and a,/5 G H*(X). Then, [<5fc(a), a rei • ■ -a res (r s */3)] is a 
universal linear combination of expressions a mi ■ ■ ■ a. mk+s _ r ( T {k+s-r)*{.Kx a P)) where 
< r < 2 and mi + . . . + r7ifc +s _ r . = ni + . . . + n s . 

Proof. First of all, let s = 1. Note that a (/5) = 0. Since <8fc(a)t = ®fe(a) and 
an 1 (/5) t = (-l) ni a_ ni (/3), we see from (§ that [<& k {a), a m (/3)]t = -[<8 fc (a)t, a ni (/3)t] 
= (-l) 1+ni [<B fc (a;),a_ ni (/?)]. Since (a mi ■ ■ • a mfc+s _ r (r (fc+s _ r)> ,(^a/5))) t is equal to 

{ _ 1)mi+ ... +mk+s _ r . ^^ . . . a _ mi { T{k+s _ r> {K x a(3)), 

we need only to prove the statement for [<8 k (a),a ni ({3)] with n\ < — 1. When 
ni = —1, [<5fc(a), o ni (/?)] = 1/ft! • a_{(af3). So the statement for s = 1 and ni = —1 
follows from Lemma |3.3| (i). When m < —2, we see from Lemma |3.5| that 



-4-r ■ {[[«*(«), a-i(ljf)]', an 1+ i(/3)] + [aUClx), [«8 fc (a), a ni+1 (/?)]]} 
ni + 1 

+[a_i(l x ), [«*(«), On 1+ i(/3)]]' - [a-i(lx), [«*(a), a ni+1 (/?)]'] } . 
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So the statement for s — 1 and n\ < —2 follows from induction and Lemma [3.2| . 

Next, let s > 2. Let r s *(/3) = EiA,i ® • • • ® A,s e H*(X S ). Then, we 
have [6 fc (a),a ni • • • a„ a (r s */3)] = Ei[©fc(a), am(A,i) • • • an s (A,s)]- By symmetry, it 
suffices to show that Z)j[<8fc(a), o ni (/3i ) i)]a n2 (/3j ) 2) • • -an s (A,s) is a universal linear 
combination of the forms o mi • • • c^ fc+s _ P (T(fc+ g -r)*(.^xa/3)) where < r < 2 and 
mi + • • • + rrik+s-r — n i + • • • + n s - To prove this, we apply what we have already 
proved in the preceding paragraph to [<S&(a), ^(/^i)]. So [<8fc(a), a ni (/3 i: i)] equals 

Yl fr{k, ni, mi, ... , m fc „ r+ i)a mi • • • a mk _ r+1 (r (fe _ r+1 )^(^a/?j i i)) 

0<r<2 
m 1 +... + m fe _ T , + 1 =n 1 

where f r (k, ni, mi, . . . , mk-r+i) stands for universal rational numbers independent 
of X, a, and /^i. In particular, these universal numbers are independent of i. So 

X][®fe( Q; )' a "l(A,l)] 0n 2 (A,2) ■ ■ -On s (A,s) 

= 5Z fr{k,n 1 ,m 1 ,...,m k _ r+1 )- 

0<r<2 

m 1 + ... + m fc _ r + 1 = n 1 

■ X! ( am i ' ' ' a m fc _ 7 . +1 (T"(fc-r+l)*(-^X a A,l))J 0na(A,2) ' ' ' &n a (Pi,s)- 



By the first formula in Lemma pTT| , Z)i(-^x a A,i) ® A,2 <8> • • • <E> A,s — Ts*(-K3r a /^)- 
So by the third formula in Lemma pj] , Ej T^-r+i^ifxOf/^i) <E> A,2 ® - • • ® /3j, s = 
r^+s-r)^^^)- ft follows that Ei[®fc(«), am(A,i)]on 2 (A,2) • • • <Xn s (A,s) equals 

Ck—r+l s \ 

n a ™« n a «t (r( fc+s _ r )*(^x a ^)) 
£=1 i=2 / 

m 1 + ... + m fc _ r + 1 =n 1 

where / r (fc, 7ii, m l5 . . . , m fc „ r+1 ) are independent of X, a, and /3. □ 



Definition 4.1 (i) Let s > 1, and ati,...,a s G H*(X) be homogeneous. For 
a partition 7r = {7Ti, . . . , 7Tj} of the set {1, . . . , s}, we fix the orders of the 
elements listed in each subset tTj (1 < % < j) once and for all, and define 
£(7r) = j, « ff . = n mG7ri a m , and sign(a, vr) by FlLi a ^ = sign(a, vr) • ]T| = i «*■ 

(ii) We denote l_ n = 1/n! • o_i(lx) n when n > 0, and l_ n = when n < 0. 

The geometric meaning of 1_„ is that l_ n |0) = l x w (the fundamental class of 
X™). Also, the choice of the orders for the elements listed in each 7Tj, 1 < i < £(tt) 
will affect sign(a,7r), but will not affect the expression (0) in our next Theorem 
where an empty product J^G^a^n) stands for l x w = l-n|0) by convention. 
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Theorem 4.1 Let n > l,s > 0, ki,...,k s > 0, and ai, ... ,a s G H*(X) be 

s 

homogeneous. Then, TT 6^(0^,71) is a finite linear combination of expressions: 

»=i 

(3) sign(a,vr)-± , <Wmj _ ri \ II II a -™^ (^-n^^J) |0> 

-l"-E E ™^ v =1 V i =1 / / 

whose coefficients are independent of X, ati, . . . , a s , and the integer n. Here n 
runs over all partitions of {1, ... ,s}, 6j G {lx,Kx, Kx> e x}, r i — \ e i\/2 < m i < 

rrii-ri 

2 + Eje^ kj, < n i;1 < ... < n iirrii _ n , E ™ij < E (&j + 1) /or eac/i z, and 

i=i jevr,; 

«(7r) / m,-r, \ s 

(4) E Ui-2+ E mj] = £**■ 

Proof. Use induction on s. When s = 0, the statement is trivial by our convention. 

s 

Next, let s > 1. By induction, J^[ (^(a^n) is a linear combination of expressions: 

j=2 

sign(a,cr) • l_ (w _ fi) I II I II a -™^ I ( r (^-n)*( e i a <ri)) ) 1°) 

= |^yr • -i(ix)^ f n [U*-J\ (^~n)M^))) |0> 
where a runs over all partitions of {2, . . . , s}, e$ G {ly, ^x 5 ^|, e^}, r* = 1 6*1/2 < 

m,i-ri 

mi < 2 + T,jeai kj, < n itl < . . . < n itmi - n , Y, iMj < E (% + 1), and n = 

E E n ij- Moreover, the coefficients in the linear combination are independent 
i=i j=i 

s 

of X, a 2 , • • • , « s an d n - Now apply ^(aj.) to [jG^fa^n), and move ©^(ai) to 

4=2 
the right by using Lemma pTT| . Note that |r( m ._ r .) ! „(eja; (T J| = |a CT J (mod 2). By 

Theorem [TT] (v), [. . . [<8 fcl (ai), a £l (/3i)], . . .], a 4i+2 (/3 fcl+2 )] = when 4, . . . ,4 1+2 < 



0. Since <8 fel (aii)|0) = and J| G fei (a;, n) = © fcl («i) I II ^O^' 71 ) J > we see from 

i=l \i=2 / 

Lemma [4.1| that JJ G^cii, n) is a universal linear combination of expressions: 



i=l 



signfa, a) /n - ra\ , J ai1 E KJ+E E KJKJ 
{ ' (n-n)\\ t ) ' l ' 
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■a_i(l 



x, 



\n—h—t 



n n « 

I l<i<l(a) \ j = l 



T, 



(mi-ri)*{£i a ai)) 



trm, -Ti 



• ■ [g fcl (ai), a-i(lx)], • • ■], a-l(U)] ; I II a -n hlj ] O^n-^)* On «<%))], 



t times 

i- i IT a -nw ( T K-%)*(^a^)) 
i=i / 



10} 



where < t < (kx + 1), u > 0, (t + u) > 1, £/ = {ii, . . . , i u } C {1, . . . , £(<r)} with 
ii < . . . < i u . Let 7r be the partition of {1, . . . , s} consisting of all the <7j with 

1 < i < £(cr) and i g U, and {1} ]J I II °"0 ' Then ' a ^M = a i a ^ n ' ' ' a ^ u and 

\ieu J 



(6) sign(a, 7r) = sign(a, a) 



l«i| I] KJ+L I] KiJKJ 

' 1\ l<i<i( CT ),ij?t/ u=luj>i„,ujgj/ 



In view of (|5|) and (0), J^[ G^oti, n) is a linear combination of 



i=i 



' Vtli-Ti 



(7) sign(a, tt) ■ l_ (n -n-t) ( II I II i-n^ ] (r( mi _ ri )*(eiO! iri )) 

k l<i<€(7r) V i=l 
•• [^(Oi), a-^lx)],--'],**-!^)], ( II a -«n-i ] ( T ("»ii-ru)*( e ii a <»' <1 ))]> 



t times 



"•u ' iu 



n 



l r ( m i u -n u )*l e * u a o- lu )) 



|0). 



with all the coefficients being independent of X, a\, . . . , a s and n. Also notice that 
in the expression (^), the only factor depending on n is l_( n -n-t)- 

Let £ = 0. Then, w > 1. By Lemma ^]2|, Lemma [372] (i) and Lemma |3.4j , each 
expression (|7j) is a universal linear combination of expressions of the form 



rrii-ri 



siKn(n.TT)- l_ (n _ fi) I [] IT a -"i,i 1 (^mi-rO+CeiQ^J) 

k l<i<^(7r) V j=l 

•a-m ■ • ■a_„ ra _ r (r( m _ r )*(eaia (ril ■ ■■a (7i J)\0) 



sign(a, tt) • l_( n -n) 



■a. 



ni "—Jin 



n n —, 

1<j<£(tt) \ j = l 

(r (m _ r )*(ea^ (7r) ))|0) 



l r (ra; -Ti)* [CiOLn i) ) 
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which is of the form @. Here e = ee^ ■ • • e iu with e G {lx,K x ,K x ,ex}, r = 
|e|/2 + E"=i r^, m = fci + £™ =1 «^ - 2(u - 1), < ni < . . . < n m _ r , and 

rrn—n 

ni + ... + n m _ r = E E n hi ^ E E ( k J + !) 

< (* 1 + i) + i;E(*i + 1 )= E (^ + 1 )- 

Note that either e = or e G {lx, ^Xj ^|, ex}- When e G {lx, ^Gf, -Kx? e x}, we 
have r = |e|/2 < m. Since m^ < 2 + Ejeo-j fcj for 1 < v < u, we obtain 

m = k\ + m i:L + . . . + m iu - 2(u - 1) < 2 + J^ fc,. 

36^(71-) 



Next, assume that t > 1. Then by Theorem |2.1| (iv), we have 

[■ • ■ [<3 fcl (ai), a-i(lx)], " " ■], a-i(lx)] = t^t • [• ■ • [cftVi), a_i(U)], ■ ■ ■], a_x(lx)] 
. ' fci! . ' 

t times (t— 1) times 



which by Lemma [D| (ii) , is a universal linear combination of expressions of the form 



S'" ^n kx -t + 2-A T {ki-t+2-f)*{K x a 1 )) where < f < 2 and m + . . .+n kl -t+2-f = -t. 
So by Lemma |3.2| (i) and Lemma |3.4| , (0) is a universal linear combination of 



sign(a, it) • l_ (n _ fi _ t) JJ II a -^ ( r (^-n)*M^)) 

\l<i<i{ir) V i=i / 

•a_ ni •••a_ nm _ r (r (m „ r);(i (eaia CTii •••a CTi J)|0) 

(/rrti—n \ 

II II a -™,,, (^(mi-rO-CeiOirJ) 

l<i<*(?r) V 3=1 / 

•o_ ni • • •o_„ m _ T .(r( m _ r) *(ea^ (w) ))|0) 

which again is of the form (|3]). Here m = {k\ — t + 2) + mjj + . . . + m.j u — 2u < 
2 + Eje^oo fc i) e G {lx,-^x,-^xj e x}, »" = N/2 < m, < n x < . . . < n m _ r , and 
n 1 + ...+ n m _ r = t + T,ieu E^P n itj < Y,je^ e{n) ( k j + 1) since t < {h + 1)- 

Finally, the cohomology degree of TT Gr^ct^n) is equal to E?=i(2A;i + |cti | ) . 

»=i 
Comparing this with the cohomology degree of @, we obtain (^). □ 



Corollary 4.1 Let X and Y be two complex projective surfaces. Assume that 
there exists a ring isomorphism $ : H*(X) — > H*(Y) with $(i£x) = Ky. Then 
for every n > 1, the two cohomology rings H*(X^) and H*(Y^) are isomorphic. 
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Proof. Note that $(ex) = ey. Since the Chern characters G^{a,n) generate the 
cohomology ring H*(X^), our result follows from Theorem |4J]. □ 



Next, we apply Theorem |4.1| to study intersection numbers in the Hilbert 
scheme X^. For this purpose, we establish the notation (w) — w where w G 
H*(Y) and Y stands for a smooth projective variety. 

Corollary 4.2 Let n,s>l, fci, . . . , k s > 0, and Zei a±, . . . , a s G H*(X) be homo- 
geneous cohomology classes. Assume J2(2ki + \oci\) = An. Then, ( J\Gki(oii,ii) ) 



j=i 



w=i 



zs a finite linear combination of sign(a,7r) • TT (eiO^) where 7r runs over all par- 

titions of {1, ... , s}, e« G {lx, i^x, i^x, ex}- Moreover, all the coefficients in this 
linear combination are independent of X, a 1? . . . , a s and n. 

Proof. Note that the positive generator of H 4n (X^) = Q is a_i([x]) n |0) where 
[x] G H A (X) stands for the cohomology class corresponding to a point x G X. So by 

Theorem |4.1|, an expression (|3|) nontrivially contributing to / JJ (^(a^n) ) must 

satisfy: i) Uij = 1 for all 1 < i < £(tt) and 1 < j < m^ — rf, ii) e^a^ = (eja ffj ) • [x] 
for all 1 < i < l(n); and iii) n — Y,i=i( m i — r i) = 0. Since 7fc*([x]) = [x] ® • • • <8> [x] 

s v / 

fc times 

for all fc > 0, our conclusion follows immediately from (0). □ 



5 The stability 

In this section, we establish a remarkable stability for the cohomology rings of the 
Hilbert schemes of n-points on projective surfaces as n varies. 

We need two lemmas which sharpen the Lemma 3.20 and Lemma 3.5 in |LQW2 |. 



In the first lemma, we determine the leading monomial of Heisenberg generators 
in Y[ G kl (®i, n )- in the second lemma, we express l_( n _v 3 m) II ^-n x ( a i) ) 1°) 

t 

as a universal finite linear combination of cup products of the form JJ G m ,(/3j, n). 



Lemma 5.1 Let notations be the same as in Theorem 1^.1. 



l\rf) rrii—ri s 

[i) An expression of the form (fjj satisfying J2 J2 n i,j — J2(h + 1) is equal to 

i=l j=l i=l 



l-(n-no) II a -fr+i)(«i) • 1°); where n = T, a i=1 {h + 1). 
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-l) ki 



(ii) The coefficient o/l_ (n _ no) Y[ a-(fc i+ i)(a;) • |0) in JJ G fci (a;,n) zs JJ 



i=l i=l 

^(t) rrii-ri s 

Proof, (i) We may let s > 1. Since J^ J^ n^^ = VY&j + 1), we see from Theo- 

i=l j=l i=l 
rrii-ri 

rem |4J] that J2 n ij — J2 (kj + 1) f° r every z. By (|), we obtain 

(8) X!K -2 + N) = o 

1=1 
where |7r»| stands for the number of elements in the subset 71*. Note that for every 

mi—n 

i with 1 < i < £(71), we have (m* — r*) > 1 since ^ riij = Y^(% + 1) > 1. So 

i=i iG7Ti 

for every i, rrii > 1, and r* = if m* = 1. By (H), m.j = |7T*| = 1 for 1 < % < £(71"). 
Thus for 1 < z < £(77), we have r* = 0, e* = lx, and n.* 7 i = (kj + 1) if 7Tj = {j}. 
Now let 7Tj = {ti} for 1 < i < £(ir) = s. Then the expression (|3|) is 

sign(a,7r) • l_ (n _ no ) f JJ o_ (fct . + i)(a ti ) J |0) = l- (n - no ) f f[ a_( fei+ i)(a*) J |0). 



(ii) The idea is to use induction on s and track the proof of Theorem |0 



more carefully. When s — 0, the statement is trivial. Next, let s > 1 and 



n = Y,(kj + !)• Assume that the coefficient of l_(„_s ) II a_ ni (a!*) ) |0) in 

j=2 \j=2 / 

s s (— l) fei 

the cup product TT Cr fc .(a:*,7i) is equal to TT — — . Tracking the proof of 

t=\ * t=M k i + l V- 

Theorem |4.1| and applying Theorem [2.1| (v), we conclude that the coefficient of 

/ s \ s s (—\\h 

1 -(n-n ) II a -(^+i)( a *) 1°) in Yl G ki(oci,n) is equal to JJ 77 — ttt - D 

\i=i / i=i i=\ y^i + -U 1 



Lemma 5.2 Fix n,s > 1, m,...,n a > 1, and ai,...,a s G H*(X). Put no 
J2 n*. Then, l_( n _„ ) JJa_ ni («j) |0) z's a finite linear combination of 



i=i 



\i=l 



(9) n^o* 



j- 



n 



i=i 



t 
whose coefficients are independent of X, ati, . . . , a s and n. i/ere X) (m^ + 1) < n , 

i=i 
and j3i, . . . , (3 t depend only on ex, Kx, ai, . . . , a s and r« to^ 1 < i < no- 
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Proof. We use induction on n . When n = I, s = rii = 1. By the Lemma 3.20 (i 
in [|LQW2j| , l_( n _i)a_i(ai)|0) = Go(ai,n). So the lemma holds for n = 1. 

Next, let no > 1. Let k{ = n* — 1. Then, ki > for every i. By Theorem |TT 



£[ Gki(ca, n) is a finite linear combination of expressions of the form (§) such that 
the coefficients in this linear combination are independent of X, a±, . . . , a s and n. 
Note that Y, Z) n M < S S (&j + 1) = Z)£=i(&i + 1) — n o- By induction, those 

expressions (y) with Y J2 n ij < n o are linear combinations of the form (|9[) 

t 
where J2 { m j + 1) < (fl-o ~~ 1), an d #b • • • , A depend only on ex, ^Xj «i, • • • , o; s , r« 

i=i 
with 1 < i < (no — 1). Moreover, the coefficients in these linear combinations are 

independent of X, cti, . . . , a s and n. Now our lemma follows from Lemma |5.1|. □ 



Remark 5.1 By Lemma |5T2"1 , an expression @ in l_( n _ no ) JJ a_ ni («j) |0) sat- 



\i=l 



isfies J2 ( m j + 1) < n o- in fact, we see from the proof of Lemma |5.2| that an 

3=1 

t 
expression (0) satisfies the upper bound J2 ( m j + 1) = no if and only if it is equal 

3=1 

s s 

to J^[ G ni _i(o!i,n) whose coefficient is TT(( — l)™ i_1 ^J) in view of Lemma [5J] (ii). 
Next, we prove a lemma which says that the Chern character Gk(a,n) can be 



expressed as a universal finite linear combination of cup products Y[ B mj (P 



31 



n 



j=i 
(see Definition |2.3| (i)). In other words, our next lemma essentially reverses the 



process in Lemma |5.2j . This lemma will be used later in the proof of Theorem |6T2 . 



Lemma 5.3 The Chern character Gk{pt,n) is a finite linear combination of prod- 

* ' t 



ucts Y[ B m .(/3j,n) whose coefficients are independent of X, a andn. Here J2 mj < 

3=1 ' j=1 

t 

k, and 3\, . . . , 8 t depend only on ex, Kx and a. In addition, Y m i — k if and only 

3=1 
t 

if the product JJ B mj (/3j,n) equals Bk(a,n) whose coefficient is {—\) k /{k + 1)!. 

3=1 

Proof. Use induction on k. When k = 0, we have Go(a,n) = Bo(a,n) by the 
Lemma 3.20 (i) in | LQW2| . Next, we assume that the lemma is true for 0, . . . , k — 1 



for some fixed k > 1. We shall prove that the lemma holds for k as well. We apply 
Lemma |572| and Remark ^TT] to B k (a,n) = l_( n _fc_i)o_(fc + i)(a)|0). We see that 



Stability of the cohomology rings 15 



(-l) fc - 

Gfe(a, n) — — — • Bk(a, n) is a finite linear combination of J^[ G nj (7,, n) where 

[k + ly. j=1 

u 

Yj {fij + 1) < {k+ 1), and 71, . . . , 7u depend only on ex, iCx and a. Moreover, the 

coefficients in this linear combination are independent of X, a and n. Note that 
n,j < k for all 1 < j < u. So by induction hypothesis, the lemma holds for k. □ 



Remark 5.2 Lemma |572| and Lemma |5.3| provide a new proof to Theorem |2T2 
which was originally proved in |LQW1| , |LQW2| . 



Our stability result below indicates that the cup product on the Hilbert scheme 
X^ are independent of n in an appropriate sense. Furthermore, we find an explicit 
form of the leading term in the cup product. This result enables us to construct a 
ring and determine its structure in the next section. 

Theorem 5.1 Let s > 1 and ki > 1 for 1 < i < s. Fix n it j > 1 and a^j G H*(X) 
for 1 < j '< ki, and fix n with n > J2 n ij f or all 1 < i < s . Then the cup product 

in H*(X^) is equal to a finite linear combination of monomials of the form 

N 



1 11 ) i -(.- E - 1 ^)in^,(7p)iio) 



N s ki 

whose coefficients are independent ofX,a id andn. Here J2 m P < J2 J2 n i,j, and 

p=l ' i=l j=l 

7i,...,7jv depend only on ex, Kx,®i,j, 1 < i < s, 1 < j < k^. In addition, the 

N s k z 

expression ( \T]\ ) satisfies the upper bound J2 m %> = J2 J2 n i,j if an d only if it is 

p=l i=l j=l 

(s ki \ 

I! II a -ni,j( a i,j) |0) whose coefficient is 1. 



Proof. Put Ni = J2jL\ Tiij for 1 < i < s. For each i, we see from Lemma |0 

that 1 , _sr k ! \ TT u-n.,(«! j) |0) is a finite linear combination of products 
V=i / 

\\G mi] {j3 iyjl n) where T,{m id + 1) < N i: and /3 itl , . . . ,fi i>ti depend only on e x , K x , 
o^i, . . . , a^ and tj* with 1 < j '< Ni. Moreover, the coefficients in the lin- 



ear combinations are independent of X, an, . . . , a^ and n. By Remark |5TT 



Oii,j,n) in 
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u 
the product satisfies the upper bound E {Tnij + 1) = A^ if and only if it is 

i=i 

equal to Y\_G nij -i(aij,n). Furthermore, the coefficient of [| G niir il 

3=1 ' 3=1 

3=1 } 3=1 

s U 

So (|T0|) is a universal finite linear combination of products JJ ^Q G mi XPiji 

i=l j=l 

where J2 E («\i + l)<Pi=EE n-ij- Also, £ E (m»,j + 1) = EE rii,j if 

«=1 j'=l i=l i=l j'=l i=l j'=l i=l j=l 

and only if the product JJ JJ G mi ,(f3i j j, n) is equal to JJ JJ G ni . ._i(atjj, ra). The 

i=lj'=l i=lj'=l 

coefficient of J| J} G n . J _ 1 (ajj,n) in (|10|) is equal to JJ ^((-l)^^ 1 ^^!). 

i=l J=l i=l j=l 

It follows from Theorem O that ([H]) is a universal linear combination of ex- 



n 



pressions (|TTp . The statement for the expression (|TTJ) reaching the upper bound 

-N — V s T ki 

jp=l llb p — L-ii=l L-13^ 



E^Li m p = E|=i E,Li ^i,j follows from Lemma JO} □ 



6 The Hilbert ring 

Using the stability result proved in the previous section, we shall introduce and 
determine the Hilbert ring Sjx associated to a projective surface X. 

Given a finite set S which is a disjoint union of subsets So and Si, we denote 
by V(S) the set of partition-valued functions p = (p(c)) ce s on S such that for 
every c G Si, the partition p(c) is required to be strict in the sense that p(c) = 
(pn(c)2»na(c) _ _ .) w ith m r {c) = or 1 for all r > 1. 

Now let us take a linear basis S = S U Si of H*(X) such that l x G S , S C 
H even (X) and S x C # odd (X). If we write p = (p(c)) c6 <? and p(c) = (r^W)^ = 

( 1 mi(c) 2 m a (c) _ ^ then we put £( p ) = £ £( p ( c )) = g mr ( c ) an d 

ce5 ces>>i 

IIP|| = EIP( C )I= E r-Mc), Pn(S) = { P GP(S) | ||p||=n}. 
ces ces>>i 

Given p = (p(c)) c65 = (r mr(c) ) ce 5 iT .>i G P(S) and n > 0, we define 

*-rfe)(c) = n^(c) mr(C) = a-l(c) mi(c) a- 2 (c) m2 ( C )--- 
r>l 

a p (n) = l_ (n _ MD J] a-p(e)(c) • |0> G H\X^) 

cgS 
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where we fix the order of the elements c G Si appearing in ]^[ once and for all. 

CG5 



Note from Definition |4. 1| (ii) that a p (n) = for < n < 



As p runs over all partition- valued functions on S with ||p|| < n, the corre- 
sponding a p (n) linearly span H*(X^ n ') as a corollary to the theorem of Nakajima 
and Grojnowski ||Na2| . By Theorem |5.1| (for s = 2), we have the cup product 



(12) ap(n) ■ a a {n) = Y, d %*»( n ) 

V 

in H*(X\ n ^\ where \\u\\ < ||p|| + ||cr|| and the structure coefficients d v are indepen- 
dent of n. Even though the cohomology classes a u (n) with \\u\\ < n in H*(X^) 
are not linearly independent in general, we have the following. 

Lemma 6.1 The structure constants d u in the formula §n\ ) are uniquely deter- 
mined by the requirement that they are independent of n. 

Proof. Assume that there exist a finite subset / C V(S) and some constants 
c"6Q independent of n such that for all n > 0, we have 

(13) $>V(n) = 0. 



As an immediate consequence of the theorem of Nakajima and Grojnowski |Na2 |, 



the Heisenberg monomials Ilces a -p(c)( c ) ' |0), where p = (p(c)) c G V n (S), are 
linearly independent in the cohomology ring H*(X W). Therefore, by the definition 
of a v (n), we may assume in (p~3|) that any two distinct v and v in I satisfy 9(c) = 
v(c) for c ^ l x , v{l x ) = (l mi 2 m2 ---) and v(l x ) = (l m i+H*HH2 m2 . . .) (here 
we assume for definiteness that n > \\u\\ > ||^||). In this case, we have a v (n) = 
(n — ||z>||)!/(n — |H|)! • ao(n). Letting n — > oo, we see from (p3|) that c u = for the 
E I with the largest size ||z>||. So all the constants c v are zero. □ 

Now we are ready to introduce the Hilbert ring. 

Definition 6.1 The Hilbert ring associated to a projective surface X, denoted 
by fix, is defined to be the ring with a linear basis formed by the symbols a p , 
p G V(S) and with the multiplication defined by a p ■ a CT = J2v d u p(7 a v where the 
structure constants d v are from the relations flT2|). 

Note that the Hilbert ring does not depend on the choice of a linear basis S of 
H*(X) containing lx since the operator a n (a) depends on the cohomology class 
a G H*(X) linearly. It follows from the super-commutativity and associativity 
of the cohomology ring H*(X^) that the Hilbert ring fix itself is also super- 
commutative and associative. The ring fix captures all the information of the 
cohomology rings of X^ for all n, as we easily recover the relations (|T2|) from the 
ring fix- We summarize these observations into the following. 
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Theorem 6.1 (Stability) For a given projective surface X , the cohomology rings 
H*(X^), n > 1 give rise to a Hilbert ring fix which completely encodes the coho- 
mology ring structure of H*(X^) for each n. 

We further have the following result on the structure of the Hilbert ring fix- 
For convenience, in the case when £(p) = 1, that is, when the partition p(c) is 
a one-part partition (r) for some element c G S and is empty for all the other 
elements in S, we will simply write a p = a rfi and a p {n) = a rfi {n). 

Theorem 6.2 The Hilbert ring fix is isomorphic to the tensor product P <g> E, 
where P is the polynomial algebra generated by o rjC , c G S ,r > 1 and E is the 
exterior algebra generated by a rjC , c G Sx,r > 1. 



Proof. Note that a rfi {n) = l_( n _ r )o_ r (c)|0) = B r _i(c,n). By Lemmas fT2\ and |573|, 
the ring fi x is generated by the elements o rjC , where c G S = S U Si and r > 1. 

By the super-commutativity of fix, we have a% c = for c G Si and r > 1. 

It remains to show that as p = (r mr ( c )) se( g )T .>i runs over V(S), the monomials 

]^[ a™ c r< - c ) are linearly independent in fix- Assume ^d* J~[ a™c = where 

cSS,r>l i€l ceS,r>l 

di E Q and p^ = (r m ^ c )) ce ,s )T .>i runs over a finite set I of distinct elements in V(S). 
By the definition of the structure constants in fix and l_( n _ r )a_ r (c)|0) = a rjC (n), 

(i4) £*■ n (i- ( n-,)a_ r (c)io)) <(c) =5:^- n ^w mf(c) =o. 

iGi" ce5,r>l iGi" ceS,r>l 

Take an integer n large enough such that n > m = J2r,c rrn l-{ c ) f° r all * G /. 
By Theorem [5.1|, Eq. (fL4|) can be rewritten as 

(15) E* (l-Cn-n.) II (a- r (c))<( C M0>+^ 
iel \ ceS,r>l 

where each Wi is a finite linear combination of l_, n _spN m , ITpLi o-m p (7p) • |0) with 

X^=i m p < ^j an d lp ^ S f° r every p. Recall that l_fe = l/7c! ■ a_i(lx) fc , fc > 0. If 
we multiply ( |15|) by n!, and locate in the resulting summation those terms whose 
coefficients contain the largest power of n, then we see that 

(16) 5>-l_ (n _ ni) J] (a-r(c))^ (c) ■ |0> = 

i ct=S,r>l 

where i satisfies n« = max{rij\j G I}. Since all the integers n, in (|i~6|) are equal, 
the Heisenberg monomials in (|i~6|) are linearly independent as a corollary to the 
theorem of Nakajima and Grojnowski |Na2| . Thus all the coefficients di in ( |I~6"D are 



zero. By repeating the above argument, we obtain that di = for all i E L □ 
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